We report a comprehensive and complementary study on structural, elastic, mechanical, electronic, phonon, and electron-phonon interaction properties of LaX 3 (X = In, Pb, and Bi) using first-principles density functional calculations within the local density approximation with and without the spin-orbit coupling (SOC). The calculated lattice parameters for these intermetallic compounds with and without SOC are found to differ by less than 2% from their experimental values. The effect of SOC on the elastic, mechanical, electronic, phonon, and electron-phonon interaction properties is more profound for LaPb 3 and LaBi 3 containing heavier X elements rather than LaIn 3 containing lighter X element. The inclusion of SOC considerably removes the degeneracies of some bands near the Fermi level and makes some phonon branches in LaPb 3 and LaBi 3 softer and increases the strength of dominant peaks in their Eliashberg spectral functions. Thus the SOC related enhancement of their electron-phonon coupling parameter values can be related to both a softening of their phonon dispersion curves and an increase in their electron-phonon coupling matrix elements. The superconducting transition temperature with SOC is computed to be 0.69 K for LaIn 3 , 4.23 K for LaPb 3 , and 6.87 K for LaBi 3 , which agree very well with the respective measured values of 0.70, 4.18, and 7.30 K.
I. INTRODUCTION
For several decades, REX 3 (RE = rare earth, X = Sn, In, Ga, Al, Pb, and Pd) compounds crystallizing in the AuCu 3 cubic structure have been the issue of countless experimental studies because of phenomena such as magnetic moment formation, crystal field and Kondo effect, or multiaxial magnetic structures, due to their incomplete 4f bands. Several LaX 3 (X = In, Sn, Tl and Pb) compounds have been reported to display superconductivity. In particular, LaIn 3 and LaPb 3 display superconductivity at around 0.70 and 4.05 K, respectively [30, 31] . Heat capacity measurements of LaIn 3 [32] have been used to derive its electronic specific heat coefficient γ , density of states at the Fermi level [N(E F )] and Debye temperature ( D ). In this experimental work [32] , from the experimentally obtained superconducting transition temperature (T c ), the value of electron-phonon coupling parameter (λ) for LaIn 3 is estimated to be 0.59, which reveals that this intermetallic compound is a conventional phonon-mediated superconductor with weak electron-phonon interaction. Similarly, in the experimental works of Toxen and co-workers [33, 34] , the value of λ for LaIn 3 is reported to be 0.44, which also confirms that the electron-phonon interaction in LaIn 3 is rather weak. Following these experimental studies, the experimental value of T c for LaPb 3 has been reported to be 4.18 K in the work of Welsh and co-workers [35] , while thermal and magnetic properties of this material have been presented in the experimental study of Canepa and co-workers [36] . The Debye temperatures of LaIn 3 and LaPb 3 are derived to be 210 and 125 K, respectively, from specific heat measurements made by Kletowski et al. [37] . Recently, an electron spin resonance study [38] of the LaIn 3−x Sn x superconducting system confirms that the T c value of LaIn 3 is around 0.70 K and it exhibits an oscillatory dependence as a function of Sn substitution, reaching its largest value T c ≈ 6.4 K for the LaSn 3 end member.
On the theoretical side, the electronic and cohesive properties of LaIn 3 have been studied by Hackenbracht and Kübler [39] using the augmented plane-wave method (APW). From their electronic result, they have determined the value of λ to be 0.11. However, this coupling constant is much lower than its experimental value of 0.44 [33, 34] and can not lend to the previously measured T c value. The electronic properties of LaIn 3 have also been studied by using the linearized muffin-tinorbital method with the atomic sphere approximation (LMTO-ASA) [40] . This theoretical work indicates that the interaction between La d and In p forms the main bonding states in this superconductor, thus suggesting that this material acts like a transition metal compound. After this theoretical work, the electronic and elastic properties of LaX 3 (X = Pb, In, and Tl) have been presented under pressure using the FP-LAPW method within the local density approximation (LDA) [41] . This theoretical work proposes that the bands near the Fermi level for these superconductors consist mostly of X p orbitals with significant contributions from La d orbitals. Abraham and co-workers [42] have also utilized the FP-LAPW method to study physical properties of these superconductors. However, their calculations have been made within the generalized gradient approximation (GGA) rather than the LDA. A comparison of these two FP-LAPW [41, 42] works shows that the values of the calculated second-order elastic constants for LaIn 3 differ from each other within around 30%. This difference can be related to the different exchange-correlation approximations used in these FP-LAPW works [41, 42] .
Very recently, using a high-pressure technique, Kinjo and co-workers [43] have researched for new compounds among the aforesaid LaX 3 compound and found that LaBi 3 also has the AuCu 3 -type structure with the T c value of 7.3 K, which is larger than the T c value for LaPb 3 . They proposed that the difference between the N(E F ) values for these two compounds is mainly responsible for their different T c values. However, we think that it is very early to reach this conclusion since the value of λ depends mainly on the phonon properties rather than on the electronic properties of a metal [44] . Thus, in order to discover the reason behind the difference in the T c values for different LaX 3 compounds, one has to study their phonon properties, such as phonon dispersion relations and the electron-phonon interaction parameter. Moreover, the influence of spin-orbit coupling (SOC) on their phonon properties must be considered since Heid and co-workers [45] have observed that the inclusion of this interaction softens phonon modes in Pb. Indeed, their work suggests that the softening of the phonon spectrum of Pb increases the value of λ by 44%.
With the above discussion in mind, in this study we aim to search the SOC effect on the structural, elastic, mechanical, electronic, phonon, and electron-phonon interaction properties of LaIn 3 , LaPb 3 , and LaBi 3 . We present our numerical results on the structural, elastic, mechanical, and electronic properties of these compounds using the LDA of density functional theory (DFT) with and without the SOC [47, 48] . In particular, the effect of SOC on the bands close to the Fermi level for all the studied superconductors is studied and discussed. Furthermore, we have carried out ab initio linear response calculations of phonon dispersion curves and electron-phonon interaction matrix elements. Then, these quantities are utilized to obtain the Eliashberg spectral function [47] [48] [49] [50] [51] for all the studied materials, from which the value of average electronphonon coupling parameter is derived. The influence of SOC on the phonon spectrum of LaIn 3 is negligible due to the smaller mass of In as compared to the masses of Pb and Bi. However, with inclusion of SOC, some phonon frequencies decrease in LaPb 3 and LaBi 3 , and their average electronphonon coupling parameters increase considerably, which causes enhancement in their T c values. Using the calculated value of the electron-phonon coupling parameter, the value of T c is estimated to be 0.69 K for LaIn 3 , 4.23 for LaPb 3 , and 6.88 K for LaBi 3 , which are consistent with the corresponding measured values of 0.70 K, 4.18 K, and 7.3 K [31, 35, 43] . Our results reveal that with phonon dispersions calculated with the inclusion of SOC, the superconductivity mechanism in these three superconductors can be explained very well with the traditional scheme involving electron-phonon interaction.
II. THEORY
This study has been made using the ab initio pseudopotential plane-wave self-consistent method, based on the density functional theory within the local-density approximation [46] [47] [48] . All calculations have been performed, with and without SOC for In, Pb, and Bi, by using the 6.1 version of QUANTUM ESPRESSO package (QEP) [46] [47] [48] . We have adopted the Ceperley-Alder [52] exchange and correlation functional with the parametrization of Perdew and Zunger [53] . The interaction of the valence electrons with ionic cores is defined by ultrasoft pseudopotentials [54, 55] . For calculations without SOC, we used the scalar-relativistic Vanderbilt-type ultrasoft pseudopotential for all the elements: these being la-lda-v1.uspp.F.UPF [54, 56] [58] is accomplished by using special k points within the irreducible Brillouin zone (IBZ). The total energy calculations have been performed with a (8 × 8 × 8) k-point mesh using the Monkhorst Pack scheme [59] , while a (24 × 24 × 24) k-point mesh is considered to determine electronic properties of all the considered intermetallic compounds.
The ab initio pseudopotential method allows us to perform total energy calculations for arbitrary crystal structures. Thus we have applied small strains to the equilibrium lattice then obtain resulting change in the total energy, and using this information deduce the second-order elastic constants. The elastic constants are defined to be proportional to the secondorder coefficient in a polynomical fit of the total energy as a function of the distortion parameter δ. The cubic lattice possesses three independent second-order elastic constants, that is, C 11 , C 12 , and C 44 . Thus we need three equations to obtain them. The first equation is composed of calculating the bulk modulus (B), which is linked to the values of C 11 and C 12 as follows [60, 61] :
The B and its first-order pressure derivative B are evaluated by fitting the calculated energy-volume (E tot -V ) data to Murnaghan's equation of state [62] . The next step contains a volume-conserving tetragonal strain for the determination of the tetragonal shear modulus C 11 − C 12 , which is given as [60, 61] 
This strain provides an energy change
. The final step involves the volume-conserving base-centered orthorombic strain tensor, which can be defined as [60, 61] 
This strain provides an energy change E = 1 2 4 ]. This energy change gives us the value of C 44 directly, while the values of C 11 and C 12 are computed by combining the tetragonal shear modulus with the relation for the bulk modulus in Eq. (1) . After calculating the second-order elastic constants of LaX 3 , the polycrystalline elastic modulus can evaluated by using the Voigt-Reuss-Hill (VRH) approach [63] [64] [65] . Using the VRH approach [63] [64] [65] , the values of shear modulus (G), Young's modulus (E), Poisson's ratio (σ ), and anisotropic factor (A) are derived from the below equations:
After determining shear modulus G, we are able to obtain transverse, longitudinal and mean sound velocities (V T , V L , and V M ) from the following equations:
Finally, we can estimate the Debye temperature ( D ) from [66] 
where h, k, n, N A , ρ, and M are the Planck s constant, Boltzmann's constant, the number of atoms in the molecule, Avogadro s number, the mass density and the molecular weight.
Having obtained self-consistent solutions of the KohnSham equations, we are able to investigate the vibrational properties of all the considered compounds within the framework of the self-consistent density functional perturbation theory [47, 48] . Ten dynamical matrices have been computed for a 4 × 4 × 4 q-point mesh within the IBZ. Then, these dynamical matrices are Fourier-transformed to real space and thus the force constants are determined, which are utilized to calculate phonon frequencies for any chosen q points. The DFT also supplies a confident framework for implementing from first principles the Migdal-Eliashberg approach for obtaining the superconducting properties of crystals. The major quantity of this approach is the Eliashberg spectral function [α 2 F (ω)] [47] [48] [49] [50] [51] , which can be identified in terms of the phonon linewidth γ qj of mode j at wave vector q by
where ω qj is the phonon frequency and N (E F ) presents the electronic density of states per atom and spin at the Fermi level. γ qj originating from electron-phonon interaction [47] [48] [49] [50] [51] can be given by
where ε (k+q)m and g qj (k+q)m;kn denote the energies of bands and the electron-phonon matrix element, respectively. The additive contribution from each vibrational mode to the electronphonon coupling parameter is determined from the following equation:
The average electron-phonon coupling λ is the summation of λ qj over all phonon modes (qj) in the IBZ,
Here, W (q) is the weight of a sampling q point in the IBZ. The value of logarithmically averaged frequency ω ln can be derived from the following equation [47] [48] [49] [50] [51] :
Then, T c is evaluated from the Allen-Dynes modified McMillan equation [51] which is given as
Here, where μ * is a Coulomb pseudopotential and its value changes between 0.10 and 0.16 [51] . In our calculations, we have decided to use the average of these limiting values, i.e., μ = 0.13. The electronic specific heat coefficient γ for all the studied compounds can be derived from the calculated values of N (E F ) and λ using the formula
We have to mention that all the above summations have been carried out by using a 4 × 4 × 4 q-point mesh, which do not contain any unstable phonon modes. Finally, we mention that the numerical values of α 2 F (ω), λ, ω ln and T c have obtained using the executable "lambda.x," which is a part of QEP [46] [47] [48] .
III. RESULTS

A. Structural, elastic, and mechanical properties
All the studied LaX 3 compounds possess the AuCu 3 -type simple cubic crystal structure belonging to the space group P m3m. The structure of these compounds, shown in Fig. 1 , contains one molecule with four atoms per unit cell, with one La atom located at 1a (0, 0, 0) and three X atoms at 2b (1/2, 1/2, 0). Thus the structural information is completely identified by the lattice parameter a. The calculated values for the equilibrium lattice parameter (a), the bulk modulus (B), and its pressure derivative (B ) with and without SOC are presented in Table I along with existing experimental [30, 31, 43] and theoretical [41, 42] results. The calculated lattice constants for LaX 3 compare very well with previous experimental [30, 31, 43] and theoretical values [41, 42] . In particular, the calculated lattice parameters for these intermetallic compounds with and without SOC are found to differ by less than 2% from their experimental values [30, 31, 43] . The presented values of bulk modulus for LaIn 3 and LaPb 3 materials are in gratifying agreement with previous LDA results [41] , with a maximum difference of 5.0% for LaPb 3 . However, our LDA results for the bulk modulus of LaIn 3 and LaPb 3 considerably differ from their corresponding GGA values [42] , with a maximum difference of 28% for LaIn 3 . This difference can be associated with the different exchange-correlation approximations used by our work and the work of Abraham et al. [42] . It is well established that GGA functionals produce larger equilibrium lattice constant than the LDA functional. This explains much of the differences between the LDA and GGA tabulated in Tabes I, II, III, and V. We would thus expect reduction in values of N (E F ) and softening in phonon frequencies when GGA functionals are used.
As can be seen from Table I , the influence of SOC on the structural properties (a, B, and B ) increases with increasing the mass of X atom. For example, the values of a, B, and B for LaPb 3 (LaBi 3 ) change by 0.08% (0.14%), 2.64% (3.64%), and 5.50% (8.33%), respectively, with inclusion of the SOC. The calculated values of the three independent elastic constants for LaX 3 are presented in Table I along those reported in previous theoretical calculations [41, 42] . However, no experimental results are available for comparison. Comparison of our results with previous LDA results [41] for LaIn 3 and LaPb 3 exhibits an acceptable agreement with a maximum difference of 14% for the C 44 value of LaPb 3 . However, our LDA results and previous GGA [42] results differ from each other by up to 33% due to the different exchange-correlation approximations used by these theoretical works. The elastic constants of LaIn 3 are affected by the SOC up to 1.3% due to the lighter mass of In atom as compared to the masses of Pb and Bi atoms. However, the maximum difference for LaPb 3 and LaBi 3 is around 5% for C 11 and 21% for C 44 , respectively. The calculated elastic constants lead us to examine the mechanical stability of crystal systems. In order to be mechanically stable, the cubic systems have to meet the well-known Born's stability criteria [67] : C 11 > C 12 , C 44 > 0, and C 11 + 2C 12 > 0. The calculated value of these three independent elastic constants for all the studied compounds, presented in Table I , obey the Born's stability criteria [67] , suggesting that these compounds are mechanically stable in their AuCu 3 type structure. Various other crucial elastic parameters are the Young's modulus E, shear modulus G H , anisotropic factor A, Poisson's ratio σ , B/G H , and Cauchy's pressure (C p = C 12 − C 44 ) for LaX 3 , which are also derived from the second-order elastic constants, are presented in Table II along with previous theoretical results [41, 42] . The calculated values of these elastic parameters for LaIn 3 and LaPb 3 are comparable with their counterpatterns in previous LDA calculations [41] . However, their calculated values considerably differ from their GGA counterpatterns [42] , which we again believe arise from the differences in the values of second-order elastic constants between our calculations and 3 and LaBi 3 change within 27% and 43%, respectively. The Young's modulus can be used to provide a measure of the stiffness of the material: the larger the value of Young's modulus, the stiffer will be the material. In our calculations, the largest value of Young's modulus is calculated for LaIn 3 , which means that it is the hardest compound among all the studied compounds. To the best of our knowledge, there are mainly three ways [68] [69] [70] to decide the brittleness and ductility of the material: the ratio of bulk to shear modulus B/G H , Possion's ratio σ , and Cauchy's pressure C p . In general, the value of B/G H > 1.75, the value of σ > 0.26, and the value of C P being positive signal that the material behaves in ductile manner, and vice versa. As presented in Table II [41] . However, the calculated values of V T , V L , V M , and D with SOC for these superconductors are significantly different from their GGA counterpatterns [42] . This difference can be linked to differences in the values of B, C 11 , C 12 , C 44 , E, and G H between our LDA results and previous GGA results [42] . As displayed in Table III, 
B. Electronic properties
The calculated electronic structures of LaIn 3 , LaPb 3 , and LaBi 3 with and without SOC are displayed in Fig. 2 . In general agreement with previous works [41, 43] , the electronic [32] 194 Experimental [37] 170 FP-LAPW method within LDA [41] 2080 3720 2315 235 FP-LAPW method within GGA [42] 2316 4082 2573 140 structures of these superconductors reveal metallic character since at least one band crosses the Fermi level along all the considered symmetry directions. The inclusion of SOC causes some bands to split at the high-symmetry points in the Brillouin zone. At the zone center, the effect of SOC is more obvious for all the considered superconductors. In particular, the largest splitting at the point is found to be 0.2 eV for LaIn 3 , 0.4 eV for LaPb 3 , and 0.7 eV for LaBi 3 . These band splittings are consistent with the effect of SOC increasing with the mass of X atom since the strength of SOC depends on Z 4 (Z is the atomic number).
In order to investigate the nature of electronic bands, the total and partial density of states (DOS) with and without SOC of LaIn 3 are illustrated in Fig. 3(a) . It is found that the effect of SOC on the total DOS of LaIn 3 is very small. A critical assessment of partial DOS indicates that the DOS features in the low part of occupied bands (typically 3.0 eV below the Fermi level) mainly consist of hybridized In 5s, In 5p, La 6s, and La 5d orbitals with a dominant contribution from the first one. The majority of In 5p states exists between −3.0 and 1.0 eV and makes a considerable hybridization with the 5d states of La. The value of the DOS at the Fermi level [N (E F )] is found to be 2.191 states/eV, which is almost equal to its experimental value of 2.190 states/eV derived from the heat-capacity measurement [33, 34] . La and In electronic states contribute to the value of N (E F ) up to 35% and 65%, respectively. The contributions of La 5d and In 5p states to N (E F ) are approximately 33% and 48%, respectively. When SOC is not considered, the value of N (E F ) for LaIn 3 decreases by around less than 2%, from 2.191 to 2.154 states/eV. This small decrease suggests that the influence of SOC on the electronic bands of LaIn 3 close to the Fermi level is small.
The total and partial DOS with and without SOC for LaPb 3 are presented in Fig. 3(b) . This comparison shows that the influence of SOC on the total DOS of LaPb 3 is more significant than for LaIn 3 . This is due to the heavier mass of Pb than that of In. The valence DOS of LaPb 3 splits into two parts. The lower part extending from −11.2 to −6.2 eV consists almost entirely of Pb 6s states with much smaller contributions from La 6p, Pb 6p, and La 5d states. This part is separated from the near-Fermi bands (the second part from −4.5 eV to the Fermi level) by a gap of 1.7 eV. The second region is mainly contributed by Pb 6p states with a significant contribution from La 5d states. Thus, in this region close to the Fermi level, a significant hybridization between Pb 6p and La 5d states exists. The DOS at the Fermi level, N (E F ), is 2.962 states/eV, which lies between its GGA value [42] 3 . La and Pb electronic states contribute to the value of N (E F ) up to approximately 25% and 75%, respectively. In particular, the orbital contributions at the Fermi level consist of La 5d (23%) and Pb 6p (65%). If we ignore SOC, the value of N (E F ) decreases by around 19%, from 2.962 to 2.499 states/eV. It is worthy to mention that the origin of this large decrease originates mainly from the decrease from 1.925 to 1.5244 states/eV in the contribution from Pb 6p states when SOC is ignored. As a consequence, we can conclude that the effect of SOC on the energy band close to the Fermi level is much more profound for LaPb 3 rather than LaIn 3 due to the heavier mass of Pb than the mass of In. Figure 3 (c) displays the total and partial DOS with and without SOC for LaBi 3 . At first glance, the total and partial In the present work, the value of N (E F ) for LaBi 3 is found to be 2.685 states/eV, which is larger than that for LaIn 3 but smaller than that for LaPb 3 . The value of N (E F ) decreases by around 30%, from 2.685 to 2.063 states/eV, when SOC is ignored. This decrease is larger than the corresponding decrease for the other two La compounds studied here. Thus it is expected that the effect of SOC on the electron-phonon interaction in LaBi 3 will be larger than that in the other two compounds. A critical examination of the partial DOS for LaBi 3 shows that N (E F ) is contributed approximately by 22% from La electronic states and 78% Bi electronic states. In particular, La d and Bi p states alone contribute up to 20% and 73%.
C. Effect of SOC on phonons
The zone-center phonon modes of LaX 3 can be grouped by the irreducible representation of the point group O h (m3m). As derived from the point group theory, the symmetries of the zone-center optical vibrations can be stated as
where the T 1u vibrations are infrared (IR) active, and T 2u is optically silent. For all the studied compounds, the calculated frequencies of these zone-center optical vibrations with and without SOC are presented in Table IV . The T 2u mode is totally characterized by the vibrations of X atoms while the T 1u modes arise from the hybridized vibrations of La and X atoms. Table IV reveals that the influence of SOC on the zone-center vibrations of LaIn 3 is negligible while this effect is more pronounced for the other two superconductors. In particular, upon inclusion of SOC, the lower frequency T 1u vibration of LaPb 3 becomes softer by around 13%, while the T 2u vibration of LaBi 3 gets softer by around 5%. However, it is worth to mention that this softening is less than 1% for the zone-center vibrations of LaIn 3 because of the smaller mass of In as compared to the masses of Pb and Bi atoms. Accurate determination of the electron-phonon coupling parameter requires the knowledge of full phonon dispersion curves and phonon density of states. These features for LaIn 3 are displayed in Fig. 4 . The phonon spectrum can be divided into two apparent parts: one broad part extending up to 3.4 THz, and one narrower part in the frequency ranges of 3.8 to 4.8 THz. All phonon branches in these two regions exhibit significant dispersion. It can be clearly noticed that the phonon dispersion curves with and without SOC almost coincide between each other, except that with the inclusion of SOC the acoustic and lower optical modes become a little harder. The partial DOS exhibits a dominance of In atoms in the broad region, in spite of La atom having a heavier mass than In atoms. This reveals that the three acoustic phonon branches of LaIn 3 stem mainly from the vibrations of In atoms. On the other hand, strong La-In hybridization exists in the narrower region.
The calculated phonon dispersion curves and phonon density of states for LaPb 3 are depicted in Fig. 5 . In contrast to LaIn 3 , there is no gap in their phonon dispersion curves and phonon density of states. The La-related and X-related phonon DOS cover the whole range of phonon frequencies, leaving no gap in their phonon DOS. In particular, the heavier X atoms dominate the low-frequency region below 2.6 THz, while a dominance of lighter La atom exist above this frequency. With the inclusion of SOC, all phonon modes, except for long-wavelength acoustic modes, become much softer. The long-wavelength transverse acoustic modes, however, have become harder along -M and in the neighbourhood of the R point. As a result, the peaks in the phonon density of states have shifted to lower frequencies.
The calculated phonon dispersion curves and phonon density of states for LaBi 3 are depicted in Fig. 6 . Similar to LaPb 3 , the phonon modes in LaBi 3 have become softer upon the inclusion of SOC, and the peaks in the phonon density of states have shifted to lower frequencies. Our calculations have revealed imaginary frequencies for the lower branch long-wavelength transverse modes when SOC is not included, indicating that the SOC is important in ensuring a dynamically stable structure for LaBi 3 . 
D. Electron-phonon interaction
The electron-phonon interaction in BCS superconductors is discussed in terms of the electron-phonon coupling parameter λ. According to the McMillan-Hopfield expression, this is given as
where < I 2 >, M, and < ω 2 > are the Fermi surface average of squared electron-phonon coupling interaction, the mass involved, and the average of squared phonon frequencies. Clearly, for a material of mass M, larger λ values require larger N (E F ) and smaller < ω 2 >. Our calculations suggest that both in LaPb 3 and LaBi 3 the value of λ has opposite contributions from N (E F ) and < ω 2 >. From the results presented above (Figs. 4 and 5) , we note the large decrease in the value of N (E F ) without SOC will generate a smaller value for λ. However, the softening of phonon modes with the inclusion of SOC possesses a potential to produce a larger value of λ. [35, 43] . Now, we make a comparison of the superconducting parameters between these three superconductors. According to the McMillan-Hopfield expression and the Allen-Dynes modification of the McMillian formula, the superconducting transition temperature depends on three main factors, viz. the electronic DOS at the Fermi level N (E F ), the logarithmic average phonon frequency ω ln , and the strength of electronphonon coupling parameter λ. The largest value of ω ln for LaIn 3 confirms that phonon modes in this superconductor are much harder that those in two remaining superconductors. The harder phonon modes make its λ and T c values much smaller than the corresponding values for LaPb 3 and LaBi 3 . Although the N (E F ) value of LaPb 3 is larger than that of LaBi 3 , its T c value is much lower than that of LaBi 3 . This result strongly suggests that the difference between their T c values can not be simply related to the difference in their N (E F ) values, but requires analyzing their phonon properties. The smallest value of ω ln for LaBi 3 reveals that phonon modes in LaBi 3 are much softer than those in LaPb 3 . Thus the value of λ for LaBi 3 becomes considerably larger than that for LaPb 3 , which makes the T c value of the former higher than that of the later.
IV. SUMMARY
We have studied the role of spin-orbit coupling on the structural, elastic, mechanical, electronic, phonon, and electronphonon interaction properties of LaX 3 (X = In, Pb, and Bi) using first-principles density functional calculations within the local density approximation. The inclusion of SOC makes more effect on the structural, elastic, and mechanical properties of LaPb 3 and LaBi 3 than those of LaIn 3 since the strength of this coupling depends on Z 4 (Z is the atomic number). The calculated values of the three independent elastic constants for all the studied compounds satisfy the well-known Born's stability criteria, pointing that they are all mechanically stable in their AuCu 3 -type structure. The calculated values of polycrystalline elastic modulus for these superconductors reveal that LaIn 3 is the hardest compound among them. Furthermore, the results indicate that all the investigated compounds behave in ductile manner, but LaBi 3 is softer and more easily machinable than the two remaining compounds. The inclusion of SOC in the electronic calculations causes splitting of some bands. This splitting is more apparent for LaPb 3 and LaBi 3 than LaIn 3 due to the heavier masses of Pb and Bi as compared to that of In. A critical assessment of our electronic results reveals that the bands near the Fermi level are mainly composed of X p orbitals, but the contribution of La 5d states can not be ignored.
The presence of SOC on the phonon properties of LaIn 3 is negligible, but this coupling makes some phonon modes softer for LaPb 3 and LaBi 3 . Considering the calculated phonon dispersion curves of all the studied compounds, we observe that these superconductors are all dynamically stable in their AuCu 3 . However, the noninclusion of SOC makes the lowest acoustic branch of LaBi 3 unstable along the R--M direction. The electron-phonon properties of LaIn 3 are almost unaffected by the inclusion of SOC. However, this coupling raises the strength of dominant peaks of the Eliashberg spectral functions of LaPb 3 and LaBi 3 , which increases the value of λ from 0.672 to 0.903 for LaPb 3 and 0.916 to 1.346 for LaBi 3 . Thus the SOC-caused enhancement of T c in LaPb 3 and LaBi 3 can be associated with both a softening of their phonon dispersion curves and an increment in their electron-phonon coupling matrix elements. Finally, the superconducting transition temperature with SOC is determined to be 0.69 K for LaIn 3 , 4.23 K for LaPb 3 , and 6.87 K for LaBi 3 , which agree very well with their experimental values of 0.70, 4.18, and 7.30 K. As a consequence, our results emphasize that the origin of superconductivity in LaIn 3 , LaPb 3 , and LaBi 3 can be explained very well by the electron-phonon interaction mechanism.
